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In the present work we show that it is possible to arrive at a Ginzburg-Landau (GL) 
like equation from pure SU(2) gauge theory. This has a connection to the dual supercon- 
ducting model for color confinement where color flux tubes permanently bind quarks into 
color neutral states. The GL Lagrangian with a spontaneous symmetry breaking poten- 
tial, has such (Nielsen-Olesen) flux tube solutions. The spontaneous symmetry breaking 
requires a tachyonic mass for the effective scalar field. Such a tachyonic mass term is 
obtained from the condensation of ghost fields. 
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1. Introduction 

In ref. ^ it was shown that one could obtain London's equation from SU(2) gauge 
theory using the ideas of Abelian projection. This supports the dual superconduc- 
tor picture of a confining Yang-Mills gauge theory, since London's equation gives a 
phenomenological description of the Meissner effect. In^the quantized SU(2) gauge 
fields split into two phases: an ordered and a disordered phase. The ordered phase 
was the gauge field belonging to the U(l) subgroup (the diagonal, Abelian compo- 
nent of the SU(2) gauge field) and the disordered phase was the coset SU(2)/SU(1) 
(the off-diagonal components of the SU(2) gauge field). The disordered phase played 
a role similar to the complex scalar field of the GL equation. In ^ we simply set 
this scalar field to a constant vacuum expectation value i.e. we froze the equations 
of the SU(2)/U(1) fields making them nondynamical degrees of freedom. In this 
way we obtained London's equation. In the present work we want to "unfreeze" 
the equations connected with the SU(2)/U(1) part, and show that it is possible to 
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obtain a GL-like equation. This helps strengthen the dual superconductor picture 
of the confining Yang-Mills vacuum. The GL Lagrangian density is 

£ = -\u»F v + (D^l ip*<p) - m 2 M 2 - A M 4 (1) 

where ip is a complex scalar field, / M „ = d^dv — d^a^, is the field strength tensor of 
the Abelian field, cu, and = 9„ — iea^ is the covariant derivative. 

For the dual superconducting picture it is important that the potential for the 
scalar field in Q be of the spontaneous symmetry breaking form, and have Nielsen- 
Olesen flux tube solutions 1*1 This means that the mass term in Q should be 
tachyonic (i.e. m 2 < 0). In this work the tachyonic mass term is generated via the 
condensation of ghosts as in ref. El (see also ref. El). 

Strictly the dual superconducting picture of the Yang-Mills vacuum requires a 
dual GL Lagrangian which gives a dual Meissner effect with respect to the "electric" 
charges of the theory. In the present work we arrive at the ordinary GL Lagrangian 
which gives the ordinary Meissner effect with respect to the "magnetic" charges of 
the theory. However, it is simple to perform the construction in this paper starting 
with the dual gauge fields and arrive at an effective dual GL Lagrangian. A discus- 
sion of dual symmetry and dual gauge fields for Yang-Mills theory can be found in 
ref. E| An explicit example of the replacement of the regular gauge fields with the 
dual gauge fields can be found in El. 



2. Ordered and disordered phases 

In this section we review the Abelian projection decomposition of the SU(2) gauge 

field H and necessary results fromlH. The SU(2) gauge fields, = A B T B ', and field 
strength tensor, T B V , can be decomposed as 

A„ = A B T B = atl T a + A™T m , (2) 

a^ € U(l) and A™ € SU(2)/U(1) (3) 

T%T B =Tl v T* + FZT m (4) 



where 



F^ = U» + ^ G U(l) , T™=FH + G™ eSU(2)/U(l), (5) 
f li u = d li a v -d v a ll and >S> ^ = ge Zmn A™ A n v G U(l), (6) 
F™=cVC-9„A™ and G™ v = ge 3mn (A™a v — A"a M ) £ SU(2)/U(l), (7) 

where e ABC are the structural constants of SU(2), g is the coupling constant, a = 3 
is the index of the Abelian subgroup, and m,n — 1,2 are the indices of the coset. 
After performing the above decomposition we next apply a quantization technique 
of Heisenberg El where the classical fields were replaced by operators (a M — » a M and 
A™ — > A™) and we then consider expectation values of the fields. This is similar 
to the field correlators approach in QCD (for review, seeEj) and in ref. similar 
ideas were used to obtain a set of self coupled equations for the field correlators. 
As in 

ED 

we make the following two assumptions 
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(1) After quantization the components A™(x) become stochastic. In mathematical 
terms this assumption means that the expectation values of the fields obey 

(A™(x)}=0 and (A™(x)A?(x)) ? (8) 

Later we will give a specific form for the nonzero term. 

(2) The gauge potentials a M and A™ are not correlated, and a M behaves in a classical 
manner. Mathematically this means that 

(f(a M )g(A?)) = (f(a,)) (g(A™)) = /( 0/1 ) (g(A™)) (9) 

where /, g are any functions of a M and A™ respectively. The classical behavior 
of a p results in (/(a M )> -> /(a M ). 

In distinction from ref. we will work with the Lagrange density rather than the 
equations of motion of the SU(2) gauge theory. 

3. Ginzburg - Landau Lagrangian 

We now want to show that an effective, complex, Higgs-like, scalar field can be 
obtained from the SU(2)/U(1) coset part of the SU(2) gauge theory. The self in- 
teraction of this effective scalar field is a consequence of nonlinear terms in the 
original Yang-Mills Lagrangian. The mass term for the scalar field is generated via 
the condensation of ghosts fields as discussed in the following section. 

Making a c onn ection between scalar and gauge fields is not a new idea. For 
example, in ref. it was shown that by setting a non-Abelian gauge field to some 
combination of a scalar field and its derivatives it was possible to obtain massless 
X(f 4 theory. One could obtain a massive Xip 4 theory by starting with Yang-Mills 
theory, but the mass term had to be inserted by hand ^3. The final scalar field 
Lagrangian that we obtain is also a massless A</? 4 theory with the addition of a 
coupling to a U(l) gauge field. This is (except for the U(l) gauge field coupling) 
similar to the result of I™. In the present paper we exchange the t wo gau ge field of 
the SU(2)/U(1) coset for a complex scalar field, whereas in refs. I12U3I ne gauge 
field is exchanged for a real scalar field. We begin by taking the expectation of the 
SU(2) Lagrangian (the gauge fixing and Faddeev-Popov terms are dealt with in the 
next section) 

-\{Q \F$ v F AliV \ Q) = -\ ^tv^) = -\ + (10) 
First we consider the term 

(•^^V) = <(//- + <v) (F v + ®n) (ii) 

where the field / M „ is in the ordered phase and is in the disordered phase. From 
the second assumption of the previous section a M and / M „ = <9 M a„ — d„a M , behave 
as classical fields so that 

iu^n = Uu {®n , < = , (<v> = ^ 3mn (a™k) (12) 
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For the expectation of A™(y)A™(x) we take the form 

(A™(y)AZ(x)) = -S mn r 1fiu g(y,x) (13) 

Q(y,x) is an arbitrary function. We note that strictly speaking this form of the 
expectation is an approximation since it reduces the degrees of freedom of the 
initial set of coset gauge fields, A™ (this is our purpose - to find some approximate 
description of non-perturbative quantization) . Nevertheless these degrees of freedom 
should be quantized at the next level of approximation. We hope that they can be 
quantized by perturbative Feynman diagram techniques. 

The form given in (|13|) is consistent with the color and Lorentz indices of the 
left hand side. One might think to add a term with an index structure like rj^e 3mn . 
However, this is antisymmetric under exchange of A™(y)A™(x) (i.e. exchanging 
both Lorentz and group indices) which is not consistent with the bosonic statistics 
of the gauge fields. The quantity in Ijl3(l is a mass dimension 2 condensate. The role 
of such gauge non- invar iant quantities in the Yang- Mills vacuum has been discussed 
by several authors 

From JI3J) we find 

<<V> = (14) 

(S^S"") = g 2 ( {A\A 2 V A X ^ A 2v ) + (AlAlA 2f *A lu ) 

- (AlAlA^A 2u ) - (A^AlA 2 ^ A lv )^j . (15) 

Approximating these quartic gauge field expectation terms as sums of 
products of quadratic gauge field expectations {e.g. sums of terms like 
6 mp S nq rini,Tifi,sG(x -\ , Xp )G(x?,, xa) and symmetric permutation of all indices and co- 
ordinates. See ref. LUJfor details) one finds that i|15|) becomes 

(<i>^(x)^(x)) ^24g 2 G 2 (x,x) (16) 

The next term from (I10|) is 

{T™{y)F n ^{x)) (17) 

y=x 

The details of the evaluation of this expression are given in 

ED 

The evaluation of 

(I17|l involves terms like 

{[d, y AZ\y)] [ge 3mn a»(x)A™(x)} ) = ge 3mn a»(x) ([d^A^y)] A™{x)) (18) 

y=x y=x 

which require a bit of further explanation. In eq. H13(l we excluded terms propor- 
tional to r\ iiv e' mn because of the Bose symmetry of the gauge fields. In the expression 
in Ijl8(l the gauge fields do not appear symmetrically so such a term can be included. 
Thus we take the expectation of Ijl8|l to have the general form 

(\d m A™(y)\ Ap) = -5 mn r, a pd m g(y,x) - te 3mn Va ^ y r(y,x). (19) 
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lix ga 

(r;ir^) = -20 dogfox) + 9 2 a fi (x)a»(x)g(x,x) 



where V(y,x) is some general function. This new term will m ix g auge bosons of 
different colors. Using the ansatz in l|19|) and l|13fl flU becomes' 



- iga^{x)d^V*{y, x) + tga fi {x)d fiX V(y, x) (20) 

J y=x 

We now make the approximation that both functions, Q(y,x) and V(y,x), can be 
rewritten in terms of a single complex scalar function as 

g{y,x) =V(y,x) = ~<p*(y)cp(x) (21) 

Setting both 0(y, x) and V{y 1 x) equal to the same product of a complex scalar field 
is called the one function approximation or ansatz. The factor of 1/5 is to ensure 
that the kinetic term of this scalar field will have a factor of 1 in front of it. Using 
(EU in (H1J) we find 

(J? v T m ^) = -4 \d& - igaM 2 = -4 (D^*) (D^) . (22) 
Thus the total Lagrangian density is 

{Q = -\ (^ A ,^ A n = -\f^r + (D^n (D»<p) ^ m 4 (23) 

This is the GL Lagrangian, with a massless, effective scalar field. This scalar field 
is connected with the off diagonal gauge fields by (|13|l 121|) . This lack of a mass 
term is a shortcoming for the effective Lagrangian of (|23|l . Without it there is no 
spontaneous symmetry breaking and no Nielsen-Olesen flux tube solutions, both 
which are critical to make the connection to the dual superconducting picture of 
the QCD vacuum. In the next section we show how a condensation of ghosts fields 
can lead to a mass term for the effective scalar field ip. This mass term is of the 
correct form (i.e. tachyonic) to give rise to spontaneous symmetry breaking and 
Nielsen-Olesen flux tube solutions. 



4. Tachyonic mass term via ghost condensation 

In ref.0(see also El) it was shown that a tachyonic mass term is generated for the 
off-diagonal gauge fields of a pure SU(2) Yang-Mills via a condensation of ghost 
and anti-ghost fields. To the Lagrangian of (|T%|) one adds gauge fixing and Faddeev- 
Popov terms of the form 

C G F + C F P = —(D™ n A» n Y + iC" n D rav D ^ C n 

2a 

- ig 2 e mq e pn C ,n C n A^ p Al + jg 2 e mn e pq C m C n C p C q (24) 

where e mn is the antisymmetric symbol for the off-diagonal indices (e 12 = — e 21 = 1 
and e 11 = e 22 = 0), and D™ n = d^5 mn — ge mn a^. Next, replacing the quartic ghost 
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interaction (the last term in (J2H) with an auxiliary field, ip, and applying the 
Coleman- Weinberg mechanism LL"I one finds that a ghost condensation occurs with 

{tC m C m ) = < (25) 

since v > 0. The third term in the Lagrangian in (|24|l now becomes 

ie m qe pn^m c n AWA , ^ (J™) {A^A"*) = \ (^-) (80) = (26) 

where (|13|) and (|21|l have been used. Putting this term together with the quartic 
term from the effective GL Lagrangian in (|23() we find that ip has developed an 
effective potential of the form 

v > = -wM + %^ < 27 > 

A tachyonic mass term (m 2 = — (vg 2 )/ (20ir) < 0) has been generated for the 
effective scalar field, (p, with the consequence that spontaneous symmetry breaking 
occurs. We have arrived at an effective massive GL-Lagrangian with the tachyonic 
mass term for the if field being generated by ghost condensation. This effective GL- 
Lagrangian will also have Nielsen-Olesen flux tube solutions. With this tachyonic 
mass term for if spontaneous symmetry breaking oc curs and the U(l) field, a^, will 
develop a mass of yj (5g 2 v) / (2Air). It can be shownEHthat the ghost condensate 
will not give a contribution to the mass of a M , via the term iC C a a ll a 11 . 



5. Conclusions 

In this paper we have combined several ideas (Abelian projection, quantization 
methods originally proposed by Heisenberg, and some assumptions about the forms 
of various expectation values of the gauge fields) to show that one can construct an 
effective scalar field within a pure SU(2) gauge field theory. The system of effective 
scalar field plus the remaining Abelian field is essentially scalar electrodynamics or 
the relativisitic version of the GL Lagrangian. There is also a connection between 
the present work and Cho's "magnetic symmetry" study of the dual Meissner 
effect within Yang-Mills theory. In refs. ^1 a Lagrangian similar to our eq. I|23(l is 
obtained, with the complex scalar field being associated with a monopole coupled to 
a U(l) dual magnetic gauge boson. This may offer one possible physical interpreta- 
tion of our scalar field of eq. Ij21|l : it may represent some effective monopole- like field 
which results from the SU(2)/U(1) coset fields. This is in accord with lattice QCD 
simulations which indicate that monopole condensation plays a role in color con- 
finement^!, in ref. ED very similar idea is proposed: the reduction from the SU(2) 
Yang-Mills theory to a two-band dual superconductor with an interband Josephson 
coupling. 

The essential physics here is that one has disordered fields (the gauge fields 
of the SU(2)/U(1) coset space or equivalently the effective, complex, scalar field) 
which "pushes out" (i.e. exhibits the Meissner effect) the ordered field (the Abelian, 
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U(l) field) except in the interior of the flux tubes. This is a continuation of rcf. ^ 
which supports the dual superconducting picture of the Yang-Mills vacuum for a 
pure gauge field. The scalar field comes from some subset of the gauge fields rather 
than being put in by hand. An interesting question is if the proced ure in this paper 
can be applied to the SU(3) gauge theory of the strong interaction In ref. El the 
SU(3) Lagrangian with quarks was studied, and using a procedure similar to the 
one in the present paper, it was found that the dual Meissner effect did occur. 
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